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Tate resolutions and MCM approximations

David Eisenbud and Frank-Olaf Schreyer

ABSTRACT. Let M be a finitely generated Cohen-Macaulay module of codi-
mension m over a Gorenstein Ring R = S/I, where S is a regular ring. We
show how to form a quasi-isomorphism ¢ from an R-free resolution of M to the
dual of an R-free resolution of M"Y := Ext'y (M, R) using the S-free resolutions
of R and M. The mapping cone of ¢ is then a Tate resolution of M, allowing
us to compute the maximal Cohen-Macaulay approximation of M.

In the case when R is 0-dimensional local, and M is the residue field, the
formula for ¢ becomes a formula for the socle of R generalizing a well-known
formula for the socle of a zero-dimensional complete intersection.

When I c J c S are ideals generated by regular sequences, the R-module
M = S/J is called a quasi-complete intersection, and ¢ was studied in detail
by Kustin and Sega. We relate their construction to the sequence of “Eagon-
Northcott”-like complexes originally introduced by Buchsbaum and Eisenbud.

Introduction

Tate resolutions. Let R be a Gorenstein local ring, and let M be a finitely
generated R-module. A Tate resolution or complete resolution T of M is a free,
doubly infinite complex that coincides with a free resolution of M in sufficiently
high homological degree (it suffices to truncate the resolution at the first syzygy
module that is a maximal Cohen-Macaulay module). If T is minimal, in the sense
that the differential of R/mg ® T is 0, then we speak of a minimal Tate resolution.
Such minimal Tate resolutions exist for any finitely generated R-module M, and
are unique up to (typically non-unique) isomorphism. As explained below, the
Tate resolution of M is the same as the Tate resolution of the essential mazimal
Cohen-Macaulay (MCM) approximation M’ of M, so information about the Tate
resolution gives information about the MCM approximation.

In Section [Il we study the construction of Tate resolutions of a (not necessarily
maximal) Cohen-Macaulay module M over a Gorenstein ring R: we show that the
Tate resolution of M is the mapping cone of a quasi-isomorphism ¢ from the free
resolution of M to the dual of the resolution of the dual, MY := Ext®d™= M (a7 R),
appropriately shifted. If R = .S/I, with S regular, then we show how to construct
¢ from the S-free resolutions of R and M.
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Quasi-complete intersections. If R and M := R/.J are both complete inter-
sections in S, then R/J is called a quasi-complete intersection in R, and the map
R — R/J is a special case of what is called a quasi-complete intersection morphism,
studied in [AHS]. In this case the module M is self-dual, and its minimal free reso-
lution G was constructed by Tate [Tate]. The quasi-isomorphism ¢ : G - G*[-m],
where m is the codimension of J in R and (-)* := Hompg(—, R), was constructed
by Kustin and Sega [KS| as part of a much larger study of quasi-complete inter-
sections. In Section 2] we give a basis-free exposition of this construction, adding
the observation that the Tate resolution is naturally a double complex in which
the “vertical” strands are the complexes generalizing the Eagon-Northcott complex
that were described in [BE]. This is explained in Theorem 23]

Maximal Cohen-Macaulay approximations. Auslander and Buchweitz
[AB]| defined the mazimal Cohen-Macaulay (MCM) approzimation of a finitely
generated module M over a local Gorenstein ring R to be the unique minimal
surjection from an MCM R-module N such that the kernel of N — M has finite
projective dimension (see [EP] for a recent summary and application of the theory).
The module N may always be decomposed as the direct sum of a free module and
an MCM R-module M’ with no free summand. The module M’, with its induced
map to M, is called the essential MCM approximation of M. If k is any integer
> max(2,depth R — depth M) then M’ is isomorphic to the minimal k-th syzygy of
the dual into R of the minimal k-th syzygy of M.

Thus the essential MCM approximation M’ of M is the cokernel of the first
differential in the minimal Tate resolution of M. The original motivation for our
work was to compute the minimal number of generators of the essential MCM
approximation of a complete intersection M = S/J as a module over a complete
intersection R = S/I. This is done in Corollary 24

1. Duality in the Tate resolution of a Cohen-Macaulay module

Tate resolutions associated with Cohen-Macaulay modules always exhibit a
sort of duality. The result is well-known in the case dim R = 0 (see for example
[LW]), and appears in an unpublished manuscript of Buchweitz in the general case
[Bul, Subsetion 4.5 and Section 5]

PROPOSITION 1.1. Let R be a Gorenstein ring, and let M be a Cohen-Macaulay
R-module whose annihilator has codimension m in R. Let (F,8) and (G,0) be R-
free resolutions of M and of M := Exty (M, R), with terms F; and G;, respectively.
There is a quasi-isomorphism ¢ : F - G*[-m]:

G, G, G 0
bo o1 Pm
B g0 & p 3

The mapping cone M(¢), the total complex of the double complex above, is a Tate
resolution for M, and M(¢*) is a Tate resolution of M.
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Thus in the local case (possibly after factoring out a free summand), the essen-
tial MCM approximation of M over R has a presentation

[ )
o1 07

Fyo G:rzfl —F o G:nﬁZ'

REMARK. If we drop the Gorenstein hypothesis but still assume that R is
Cohen-Macaulay, and replace (-)* with (=) = Homg(—,wg), then similar state-
ments still hold.

PROOF. Because M and M" are Cohen-Macaulay modules of codimension m
we have M = Extly (MY, R) = H™(G"), while Ext (MY, R) =0 for i # m.

The isomorphism M = Ho(F) 2 H™(G*) lifts to a map Fy - G, which induces
a map F7 - GJ,_;, and thus to a quasi-isomorphism ¢ : F - G* of cohomological
degree m. It follows that the mapping cone M(¢) of ¢ has no homology. Since it
coincides with I in large homological degree, it is a Tate resolution of M.

Since the image of each map in M(¢) is a maximal Cohen-Macaulay module,
every truncation of M is a resolution of such a module, and thus the dual M*(¢) =

M(¢)* has no homology. It follows that ¢* is also a quasi-isomorphism. |

From Proposition [[LT] we see that, beyond the free resolutions of M and M"Y,
the new information in the Tate resolution lies in the description of the map of
complexes ¢. The rest of this paper is devoted to further description of this map.

In the situation of Proposition [Tl suppose in addition that R = S/I. To
construct a (generally non-minimal) R-free resolution F of M one might take an S-
free resolution K of M, tensor with R, and then extend it to an R-free resolution.
The next result applies, in particular, to the case when S is regular local and
R =8/I is Gorenstein, and also to the case where S is arbitrary and I is generated
by a regular sequence, and gives a way of constructing the map of complexes in
Proposition [l In the special case of Proposition [[4] the maps o™ are made more
explicit.

THEOREM 1.2. Suppose that S and R = S/I are Noetherian rings and that R
has an S-free resolution E

E:S <2 B e e B, < E .

with 0. 2 07. Let M be an R-module, and let (K,8) be an S-free resolution of M.
Let o™ be a map of complezes E® K — K that induces the multiplication map
R M — M, and let

M
04" E; ®Kj - Ki+j

be the components of o™ . The diagram

MR@KH R®§ ReK, R®§ R® K.y R®d
R®a% R®aé‘fll
0 ReK, 1% per, 1189

is a map of complezxes inducing an isomorphism M = Hy(R® K) - H.(R®K) =
TorS (R, M).
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38 DAVID EISENBUD AND FRANK-OLAF SCHREYER

LEMMA 1.3. If S and R are as in Theorem [L2], then the functor Torf(R,—),
restricted to the category of R-modules, is equivalent to the identity functor.

Proor or LEMMA [L3 We compute TorCS(R, M) using the given resolution of
R. Because 0y ® M =0 we see that

Tor? (R, M) = ker(E. ® M Gien] E..1®M) =M.

Any choice of an isomorphism E, 2 S gives an equivalence between this functor
and the identity functor. O

Proor oF THEOREM [[L.2L We first prove that the maps aé‘i form a map of
complexes oM : R@ K - R® K[-c]. From the definition of the 0%— we see that
there are commutative diagrams

RO K 14c R K.

Re (oM, O—CMM)’ . (5@,1)

R®0é\§-

+1®0
R® ((E(' ®Ki_1) @ (Ec—l ®K1)) ~— R®FE.® K;

However, R® (1®9) : E. > E._1 is 0, so the diagrams

R®K7L—1+c R®Ki+c
R®aé\§,1 R®U;%

ReE.oK,., 28 Rer oK,

also commute, as required.

We next show that for any R-module M the map o induces a functorial
isomorphism M = Torj (R, M) — TorS (R, M). We first prove functoriality. Let
a: M — N be a homomorphism of R-modules, let I be the S-free resolution of
N, and let & : K - L be a map extending . Choose maps o™ : E® K - K and
oV :E®L - L extending the multiplication maps as above.

There is a homotopy T between the two compositions

oNo(1ea)
_—

EoK L

and
Goo™M
Eo K — L.

because they cover the same map R® M — N and L is acyclic. Because R® 0, = 0,
this homotopy restricts to a homotopy between the induced maps

R®(0No(1®&))
R®®E. QK ——  RQL

and
R®(doc™)

ReFE.QK ——— RQL.
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In particular, the diagrams

S
Ori+c ( Ra Oé%‘OI"S

TOI';SJrC(R, M i+c(R’ N)
oM ol
Tor? (R,
TorS (1, a1) 2L P Dps (p vy

commute. This proves the functoriality.

We next observe that Ufo is an isomorphism. This follows because we may
choose o' : E®E — E to restrict to the identity map on the subcomplex E® Ej = E.
It follows that Ufg is an isomorphism for any s.

From the right exact sequence

R®Ki >R®Ky—>M -0

we get a commutative diagram
Tor?(R,R® K1) — Tor’ (R,R® Ky) — Tor’ (R,M) — 0

K, Ko M
ac,O O-c,() UC,O

0

Tors (R,R® K;) — Tory (R, R® Ky) — Torj (R, M)

The bottom row is the R-free presentation of M, and the top row is also right
exact because TorCS(R,—) is an equivalence on the category of R-modules. The
two left-hand vertical maps are isomorphisms because R® K; and R® K are free.
It follows by a diagram chase that ¢ is an isomorphism as well, completing the
proof. O

If R is a complete intersection in S the maps o; ; of Theorem have a simpler
description:

PROPOSITION 1.4. Suppose that S is a Noetherian ring, that g1,...,9. is a
regular sequence in S, and that R =S/(g1,...,9c), so that the S-free resolution of
R is the Koszul complex

o o 2 ¢
S - S€ < NS¢ NS¢ 0.
Suppose that K is an S-free resolution of an R-module M, and, for 1 < j <c, let
7; : K= K[1] be a homotopy for multiplication by g; on K. Let eq,...,e. be a basis
for S€ such that 0(e;) = g;. The map

1%} 1%}

1
0ij: NS @K > Kiy;
that takes an element e;; A--Ae;, ® a with iy < - <ig to T;, o---oT;_(a) satisfies the
properties of the maps o of Theorem [L.2]

In particular, the map o.; : K; - K¢y of Theorem may be chosen to be
TL O 0Te.

Note that if (F,d) is any complex and 7 is a homotopy for multiplication by an
element g, then ¢ anti-commutes with 7 modulo g. Thus the order of the 7; in the
formula does not matter modulo I.
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PROOF. Since the elements e;, A+~ Ae; with i1 <+ < i, form a basis for A® S€,
the maps o0; ; are well-defined.

Write ¢ for the differential of K. The differential of E ® K acts on £, ® K; as
0®1+1® (-1)%6. From the defining property of the homotopies 7; we have

50’87]‘(61‘1 AN e ® a)

=007y 007 (a)=(gi, ~7i,)0d 0T, 00 (@) =
i-1

= (Z(_l)]gZJTll O en o’]f“\ O-- OTiS(a)) + (_1)ST,L‘1 0:0T; © (S(a)
=0 !
= 0'5_17j(6(6i1 A A 6i5) ® Cl) + 0'1'7]‘_1(61*1 AN Nep, ® (—1)85(a))
as required. 0

To apply Proposition [[.T] using Theorem [[.2] we will use the following result in
the case N = MY, N' = R.

LEMMA 1.5. Suppose that S is a Noetherian ring, let R = S/I, and let N, N’
be a finitely generated R-modules. Let I be an S-free resolution of N and let G
be an R-free resolution of N, and let a: 1L - G be a map of complexes extending
the identity map of N. If the depth of J := annN on N’ is m, then the map

H™(Hompg(G,N')) —» H™(Homg(L, N")) is an isomorphism.
REMARK. It is well-known from duality theory that
H™(Hompg(G,N")) = Ext}; (N,N")
~ Ext?(N,N') = H™ (Homg (L, N));

the point of the Lemma is that the comparison map « induces the isomorphism,
which doesn’t seem to follow immediately from the standard proofs.

PROOF. Suppose first that m = 0. Since « induces the identity on N it induces
the identity on Homg(N, N') = Homg (N, N').

We now induct on m, and we may suppose m > 0. We may choose an element
x € J that is a non-zerodivisor on N, and consider the diagram

0 — Hompg(G,N’) % Hompz(G,N’) — Homg (G, N'/zN') — 0

| |

0 — Homy (L, N') % Homg(L, N') — Homg(G,N'/zN") — 0
Since Extd '(N,N’) = 0 = Ext’" ' (N, N') while 2 annihilates Ext% (N, N’) and
Ext's (N, N'). Thus we get a commutative diagram with exact rows
0 —— H™ 'Homg(G,N’) — H™Homg(G,N'/zN') —— 0

H™ ! Hom(a, N") H™Hom(a, N")

0 —— H™'Homg(L,N') — H™Homg(L, N'/zN') — 0

and the left-hand vertical map is an isomorphism by induction. ([l
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2. The case of two regular sequences

In this section we give an exposition from a double-complex point of view of
the complete resolution of a quasi-complete intersection that was described in [KS].
We fix the following notation: S will denote a Gorenstein ring. Let M = S/I, where
I is generated by a regular sequence fi,..., f,. Let R =S/J where J c I is also
generated by a regular sequence (¢1,...,9.). We set m =n — ¢, and we write K for
the Koszul complex of f1,..., f, over S.

Let A: 5°— S™ be a map making the diagram

S (fla"'vfn) gn
1) | A
(

g (g1 0e)

SC
that is, g; = Y1ty ai;fi- We choose an identification of A°S® with S and write
a e AN°S™ for the image of 1 under A° A.

Before doing the general case, it may be helpful to see the case m = 0, which
was worked out by Tate himself, in the form that we will generalize:

ExAMPLE 2.1. With notation as above, suppose ¢ = n and that M is the residue
field of R.

Tate’s paper [Tate| provides an explicit minimal free resolution that may be
written as the total complex of a double complex beginning

I R

R¢ /\2 R¢

R°®R «—— R°®R°

Here we have written R°® R instead of R® to emphasize that the second row is the
tensor product of R® with the first row.

Because M = S/(f1,...f.) is a maximal Cohen-Macaulay module over R the
dual F* = Hompg(F, R) is exact except at Fj. Furthermore,

fi
0 /* * fc n* *
H(F*) =ker(Fy =S ——> S™ = )= M

Thus the Tate resolution of M is obtained by “splicing” together F and F* via a
map «:S — S = S5* which may be taken to be multiplication by any generator of
(g15---5,9¢) = (f1,-.. fc). One well-known expression for such a generator is det A,
where A, as in diagram ({]) is a matrix expressing the g; as linear combinations of
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42 DAVID EISENBUD AND FRANK-OLAF SCHREYER

the f;. Thus the Tate resolution of M has the form:

)
w. R¢* @ R «— R¢*
fi
/\2 R¢* R¢* fc R
det A
R (fl fC) Rc /\QRC

| I

R°®R <~ R°® R -

|

We now turn to the general case, m =n—c > 0.

We will give an explicit description the Tate resolution of M over R in terms
of K and a, following the outline of Proposition [[LTT What makes this case simpler
than the more general case treated in Section [Ilis the that we can choose the map
0c,» to kill certain differentials in the resolution of M.

We recall the construction of the minimal R-free resolution F of M. Following
Tate, it is usually written as a complex whose underlying graded free module is the
tensor product of R® K with D(R¢), the divided power algebra on the free module
R€. For our purposes it will be useful to write it as the total complex of the double

complex:
T 1 1
Dl — Dl /\2 — — Dl /\krfl — «— Dl /\n—l ¢ Dl /\n
N 1 1
'D2 «— — DQ /\k—2 — «— D2 /\n—2 — Dg /\n—l A
F: R
Dk /\k—l — — Dk: /\n—k — Dg /\n—k+1 —

N
N
~
~

where for compactness we have written A! for R® AP S™ and D; for the i-th divided
power of R¢ and suppressed the tensor product signs so that, for example, we write
Dy A¥ in place of DR ®g AF R™.

Because M is a complete intersection in S, we have MY = Exth(M,R) 2
Extg(M,S) = M, and thus the R-free resolution of MV is again F. By Proposi-
tion [[T] the Tate resolution of M is the mapping cone of any map of complexes
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¢ :F —» F*[-m] that induces an isomorphism
M = Ho(F) - Ho(F*[-m]) = Ho(F*[-m]) = M.

We will see that such a map of complexes can be constructed from the maps o ; :
K; - K;,. of Theorem By virtue of Proposition [[.4] these take a particularly
simple form. (A similar result holds for all the o; ;, but we do not need this.)

PROPOSITION 2.2. Let €},...el be a basis of S™, and let §; : S™ - S send
el - fi. Let (K,0) be the Koszul complex

K:S <

5y 2
S NS e

The homotopy for an element g = ¥ ; a; f; on K is exterior multiplication by 3 ; aje;-.
Thus if A: S¢ — S™ is a map as in diagram ([, and « is the image of the generator
of N°S¢ in N°S™, under N A then o, : K - K[-c] may be taken to be exterior
multiplication by «.

PROOF. It is easy to check directly that a homotopy for f; on K is exterior
multiplication by e}. The given formula for a homotopy for g follows by linearity.

By Proposition [ the maps o; ; are defined by compositions of the homotopies
7; for the g; on K, and the composition 7; o --- o 7. is thus exterior multiplication
by o= A°A(e; A+ Aee), as claimed. O

THEOREM 2.3. With notation as above, let K be the Koszul complex resolving
M over S and let F be the resolution of M over R as in the diagram above. Let
¢ R®K - R®K[-¢] 2 R® K*[-m] be the composition of the map defined
in Proposition with the isomorphism induced by a choice of isomorphism [ :
A" S" > S. Let ¢ : F — F*[-m] be the composition

- ¢/ a*

F ReK ReK*'[-m] —

F*[-m].

where 7 is the projection with kernel ®;51D;(R°) ® K[-i]. The map ¢ is a homo-
morphism of complezes and maps M = Hy(F) isomorphically to Hy(F*[-m]). Thus
the mapping cone M(¢) of ¢ is a Tate resolution of M over R. If I c mJ, then this
Tate resolution is minimal.

Note that 7 and 7* are not maps of complexes (the complex R ® K is a sub-
complex of F, not a quotient complex.). Nevertheless, the composition ¢ is a map
of complexes.

ProOOF OF THEOREM 23] Let S(R®) denote the symmetric algebra of R as
an R-module. Consider the doubly infinite diagram whose i-th and i+ 1-st columns
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44 DAVID EISENBUD AND FRANK-OLAF SCHREYER

are:

I I

e Sl(RC) ®/\i+c+1 R" «— SI(RC*) ®/\i+c+2 R" «— ...

/\i+c R™ /\i+c+1 R™
(-1)'¢; (1) ¢y
/\i R™ /\i+1 R"

 «—Di(R)®ANTR" «——— Di(R)OA' R" ~——ro -

with the term A’ R™ in position (,0), where the maps in the bottom two rows of
the diagram are those of the minimal R-free resolution of S/(f1,..., fn). Using the
isomorphism 8 we may identify A? R™ with A"~/ (R™), and with this identification,
taking into account that (D;R®)* is is naturally isomorphic to S;(R®*), the upper
two rows of the diagram are isomorphic to the dual of the lower two rows, shifted
m steps to the left. Thus each row is itself a complex and the squares in the lower
two rows, and dually in the upper two rows, commute up to sign.

We claim that, with the map ¢’ between the two middle rows, the diagram is
a double complex: that is, the squares in the middle two rows commute up to sign,
and the vertical maps as well as the horizontal ones compose to zero.

The lower of the middle two rows is the Koszul complex of f1,..., f., and the
upper of the middle two rows is the same Koszul complex, shifted ¢ steps to the
left. We have already shown in Proposition that the maps ¢; commute with the
differentials of the these Koszul complexes.

We must still show that the composition of consecutive vertical maps is 0. But
the columns of the diagram are exactly the complexes first described in [BE] Section
2] and [Ki], and given an exposition in [E97, Appendix A.2.10]. (See also the more
conceptual construction in [W], which follows ideas of [Ke].)

However, as this is the only fact about the vertical columns that we need,
it seems worth pointing out that the result is elementary, a direct extension of
“Cramer’s rule” for solving linear equations: since the whole diagram is self-dual
up to shifts, it may be reduced to showing that the composition

i-1 i1 i ;e
Di(R)® ANR"=R°® AR" > AR" —2» AR"
is zero, and direct computation shows that the components of this map are the
(¢+1) x (¢+1) minors of the matrix derived from A by repeating a row.
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Finally, we must show that the composed map of complexes 7* o ¢’ o induces
an isomorphism Hy(F) - Ho(F*[-m]) = H_,,(F*). To this end, consider the maps
of complexes

m¥o¢ om

ROK —> F T F*[_m] o RO K*[-m]

where ¢ is the natural inclusion of complexes. It is obvious that ¢ induces an
isomorphism M = Hy(R ® K) - Hy(F). Lemma shows that ¢* induces an
isomorphism

Ho(F*[-m]) = H_pp(F*) > H_,(R® K*) = H,(R® K).

Finally, the composition t*o(7* 0@’ om) o is just ¢’ composed with the isomorphism
R®K[-c] 2 R®K*[-m] induced by 8. This induces an isomorphism Hy(R®K) —
Ho(R®K*[m]) by Proposition Thus

wod om: HolF — Ho(F*[-m])
is an isomorphism as well, completing the proof. ([l

From the description in the proof we see that the mapping cone M(¢) is the
total complex of the double complex below, where we have illustrated the case
when m =n—-c=2k+1 is odd, and the dotted line below runs through the terms
of homological degree 0. The bold arrows are given by wedge product with a. The
columns are the complexes C; that appear in Figure A2.6 of [E97]. The dashed line
passes through the terms of homological degree 0.

Snoek NTE1 = Sk NV &= Spe i AT 4= S AV L Spek A" 4—0
SN 4 SiA SN2 & SATE— A SAT e SN E—0
A ’I‘ A~ -7 A 4 A
At < AC /\(u { A2 ( ( At ( AL ( A" ( —0
“< { /\1 ( /\) < ( /\k ( ( Ane ( /\777r$l <_
4 A A A
0 < Dy < Dy /\1 ( FIDI/\k—l (_ <_ Dy /\nf(‘fl ( N <_
4 4~ 4~
0 ( D, ( (_ D. /\A—Z (_ <_ Dy /\n7<‘72 <_ Dy /\nfcfl <_

0 <_ Dy (_ <_ Dy ATEE <_ Dy APk (_

Tate Resolution of M; case when m is odd.

Here the entries of the matrices represented by horizontal arrows are the f;,
and the entries of the matrices represented by the vertical arrows are entries of a
matrix representing A, except for the bold arrows, whose entries are the ¢xc minors
of A.

The part of the complex represented by the lower half of the diagram is infinite.
Each row is a tensor product of a Dy, or an Sy, with the Koszul complex on f1,..., fy.
The columns, on the other hand, are the complexes C; that appear in Figure A2.6
of [E97].

COROLLARY 2.4. The minimal free resolution of the essential maximal Cohen-
Macaulay approzimation M’ of M has the form shown in Figure @ Thus M’

Licensed to Univ of Callif, Berkeley. Prepared on Mon Apr 20 13:27:11 EDT 2026for download from IP 128.32.10.230.



46 DAVID EISENBUD AND FRANK-OLAF SCHREYER

1+ Z ( n )(c -1+ z)
leic(noe-1)j2 \C+ 1 +2i i

ProoOF. Add the ranks of the free modules appearing along the 0-th diagonal
of the Tate resolution of M (this is marked with a dashed line in the diagram

requires

generators.

above.) O
Sk A" <——0
SIAE 4 < Si AR & SIA"4—0
0 0 T
/\c+1 (_ /\c+2 (_ <_ /\c+k (_ /\n—l y) /\ﬂ < 0
R4— Al 4= A2 4— — AN — T AT AT —
RSO + +
Dl <_ Dl /\1 <_ <_ Dl /\k—l <_ .. <_ le /\nfc—l (_ Dl /\n—c <_
ot + +
'D2 (_ (_ D2 /\k—Z (_ . (_ D2 /\n—c—2 (_ D2 /\n—c—l (_

. <_ Dk /\n—c—k <_ Dg /\n—c—k+1 (_

Resolution of the essential MCM approximation M’ of M
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