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INTRODUCTION

The Betti table of a graded module M over a graded ring S is numerical data con-
sisting of the minimal number of generators in each degree required for each syzygy
module of M. In their remarkable paper [2006], Mats Boij and Jonas Soderberg
conjectured that the Betti table of a Cohen-Macaulay module over a polynomial
ring is a positive linear combination of Betti tables of modules with pure resolu-
tions. We prove a strengthened form of their conjectures. Applications include a
proof of the Multiplicity Conjecture of Huneke and Srinivasan and a proof of the
convexity of a fan naturally associated to the Young lattice.

Similarly, the cohomology table of a coherent sheaf F on a projective variety is
numerical data of the dimension of each cohomology group of each twist of the sheaf.
With the same tools we show that the cohomology table of any vector bundle on
projective space is a positive rational linear combination of the cohomology tables
of what we call supernatural vector bundles. Using this result we give new bounds
on the slope of a vector bundle in terms of its cohomology.

Our results show that the pure Betti tables and the cohomology tables of su-
pernatural vector bundles generate the extremal rays in the appropriate convex
rational cones of Betti tables and cohomology tables. Though these cones are not
dual to one another in the usual sense, we use certain supernatural bundles to define
the supporting hyperplanes of the cone of Betti tables, and certain pure resolutions
to define the supporting hyperplanes of the cone of cohomology tables.

After the first version of this paper was posted, Boij and Soederberg [2008]
showed that the functionals we define here actually cut out the rational cone gen-
erated by all Betti tables—mnot just those of Cohen-Macaulay modules, as in this
paper. Using this, they prove strong versions of the Mulitplicity Conjecture for all
modules.

We next describe the results more precisely. Throughout this paper we will work
with the polynomial ring S = K{z1,...,z,] over a fixed, arbitrary field, and with
the projective space P! := IP”;{l over that field. To simplify notation we often
write m := n — 1. All modules will be finitely generated graded S-modules with
maps homogeneous of degree zero. All sheaves on P will be coherent.
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Betti tables. Let B be the rational vector space of rational Betti tables: that is,
B = @iooo Q"*!, which we think of as the space of tables of rational numbers with
n 4+ 1 columns and rows numbered by the integers. To any length n complex of
finitely generated free S-modules

F . @S(_]‘)ﬁo,i — e @S(_J’)Bq,,j e @S(—j)ﬂw —0

we associate the Betti table B(F) € B whose entry in the i-th column and j-th row
iS 61'71'4_]'2

j\i | o 1 ... n
0 ﬁ0,0 ﬁl,l e /Bn,n

1 BO,I 51,2 ot Bn,n+1

Finally, to any graded S-module M we associate the Betti table (M) of its minimal
free resolution. Note that the direct sum of modules or resolutions corresponds to
addition of Betti tables.

By a degree sequence (of length ¢) we will mean a strictly increasing sequence of
integers d = (dy < - -+ < d.). The resolution F is called pure, with degree sequence
d, if B; ; = 0 except when j = d;. In this case Herzog and Kiihl [I984] show that

1
ﬁi’di:)\Hﬁ forOSiSc
i |4 —di]

for some rational number A. The proof relies on the equations imposed on the
Bi,; (M) by the vanishing of the first ¢ coefficients of the Hilbert polynomial of M,
corresponding to the fact that the support of M has codimension c¢. We will call
these the Herzog-Kiihl equations.

The first of the Boij-Soderberg Conjectures is the existence of Cohen-Macaulay
modules with pure resolutions having any given degree sequence. They prove this in
the case n = 2. It was proved for all n in characteristic zero by Eisenbud-Flgystad-
Weyman [2007]. We prove it in general.

Theorem 0.1. Every pure Betti table corresponding to a degree sequence of length
c < n is a rational multiple of the Betti table of the minimal free resolution of a
Cohen-Macaulay S-module.

We give the termwise partial order to the set of sequences of a given length,
(do < -<d.)<(dy<---<d.) & d;<dforalli.

A totally ordered subset of a partially ordered set is called a chain. The other parts
of the Boij-Séderberg Conjectures may be summarized as follows.

Theorem 0.2. The Betti table of any finitely generated graded Cohen-Macaulay
S-module of codimension ¢ can be expressed uniquely as a positive rational linear
combination of the Betti tables of codimension ¢ Cohen-Macaulay modules with pure
resolutions whose degree sequences form a chain.

We strengthen this result to show that all Betti tables of the minimal resolutions
of all finitely generated graded S-modules, whether Cohen-Macaulay or not, lie
inside a certain rational cone.
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As noted in Boij-Soéderberg [2006], the Multiplicity Conjecture of Huneke and
Srinivasan (see Herzog and Srinivasan [1998]) follows from the conclusion of The-
orem Indeed, the motivation of Boij and Soderberg in formulating their bold
and striking conjectures was apparently to prove the Multiplicity Conjecture. In
doing so, it seems to us, they provided a remarkable new way of approaching free
resolutions.

We denote by e(M) the multiplicity of a module M; if M is of finite length, a
case to which all this reduces, then e(M) = dimg (M), the vector space dimension.

Corollary 0.3 (Huneke-Srinivasan Multiplicity Conjecture). If M = S/I is a
Cohen-Macaulay algebra of codimension c, then

S TTmingi 1 61 # 0} < e) < 5 [[max(j | 5y £0). O

One can include all Cohen-Macaulay modules generated in degree zero if one re-
places e(M) by a normalized multiplicity e(M)/Boo(M). See Francisco-Srinivasan
[2007] for a recent survey of the many papers on this conjecture and its generaliza-
tions. For another application of Theorems and [07] see Séderberg [2006].

To prove Theorem we construct the supporting hyperplanes of the cone of
positive rational multiples of Betti tables of Cohen-Macaulay modules. These are
defined in terms of certain free complexes that come, in turn, from supernatural
vector bundles, which are vector bundles with special cohomology tables.

Cohomology tables. Let B* = [[_ Q""! be the dual of B. We think of B* as the
space of rational cohomology tables, tables with n 4+ 1 rows and columns numbered
by the integers, defined as follows: to any complex of graded free S-modules

E: 0-F°SE'—-...S5E">0

we write ; 4(E) for the value of the Hilbert function of H*(E) in degree d.

For example, let £ be a vector bundle on P*~!, and write £* for the dual bun-
dle Hom(E, Opn-1). If E is the dual of a free resolution of the graded module
@, H°(E*(d)), then v;4 = h'(E(d)) for i < n—1 and v;4 = 0 for i = n — 1 or
n. A modification of these examples, with carefully chosen vector bundles, will be
used to define the supporting hyperplanes needed for the proof of Theorem [.2} see
Proposition

In either case, the associated cohomology table is the table in B* with ~; 4—; in
the ¢-th row and the d-th column:

Ym,—m—-1 Ym,—-m  Ym,—m4+1 " m
Y1,-2 Y1,-1 Y1,0 1
Yo,—1 70,0 70,1 e 0

-1 0 1 Y

We make this choice of indexing so that the cohomology table of a vector bundle
& coincides with the Betti table of the Tate resolution of £. This is a minimal,
doubly infinite exact free complex over the exterior algebra on n generators that
is connected with Bernstein-Gel’fand-Gel'fand duality. It is studied in Eisenbud-
Flgystad-Schreyer [2003] and Eisenbud-Schreyer [2003]. For consistency with the
notation of that paper, we number the rows from the bottom and the columns from
left to right as in the table above. Proposition gives some general restrictions
on cohomology tables.
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Following Hartshorne-Hirschowitz [T982] we say that a sheaf F on P*~! = P%*
has natural cohomology if, for each integer d, the cohomology H*(F(d)) is non-zero
for at most one value of i. We will say that F has supernatural cohomology if, in
addition, the Hilbert polynomial x(F(d)) has distinct integral roots. In this case
we define the root sequence of F to be the sequence of roots in decreasing order,
z1 > -+ > zym. If m = n — 1, the case of primary interest to us, then any sheaf
with natural cohomology is locally free (Remark [6.5]), so we will generally speak of
supernatural vector bundles.

Theorem 0.4. Any strictly decreasing sequence of n—1 integers is the root sequence
of a supernatural vector bundle on P"1, O

In characteristic zero one can also construct supernatural bundles with every
root sequence using Bott’s vanishing theorem. This was explained to us by Jerzy
Weyman. The construction, made explicit in Eisenbud-Schreyer [2003], Theorem
5.6, and summarized below, is to apply an appropriate Schur functor to the universal
rank n — 1 quotient bundle on P*~ 1.

The condition of supernatural cohomology is very tight: the cohomology table of
a supernatural sheaf is determined by its root sequence and its rank (see Theorem
[64). For example, the cohomology table of a supernatural rank 3 vector bundle on
P? with root sequence z = (3, —1, —4) must be
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Inside the rational vector space B* lies the set of actual cohomology tables of
vector bundles, and since the direct sum of bundles corresponds to the addition
of tables, it is natural to consider the rational cone that this set generates. We
will show in §8 that this convex cone is the union of the simplicial cones of the
fan of supernatural bundles. The cones in this fan correspond to termwise totally
ordered sets of root sequences and have as extremal rays the cohomology tables of
supernatural bundles. Moreover the supporting hyperplanes of the cone of coho-
mology tables of vector bundles are given by linear functionals defined from pure
free resolutions of modules of finite length, using the same construction as we use
for the proof of the Boij-Séderberg Conjectures.

Theorem 0.5. The cohomology table of any vector bundle on ]P’?{l has a unique
expression as a positive rational linear combination of the supernatural cohomology
tables corresponding to a chain of root sequences.

As a corollary, we obtain an analogue of the Multiplicity Conjecture in the vector
bundle setting, giving new bounds for the slope of a vector bundle in terms of its
cohomology. To state it, we say that the cohomology range of a vector bundle £ on
P™ is a pair of weakly decreasing sequences of integers

r(E)=(r1> >rpi1=-00)<R(E)=(0c=Ry>-->Rpy)

that can be characterized as the termwise greatest and least weakly decreasing
sequences, respectively, for which H'E(d — i) # 0 = riy1 < d < R; (see §7 for
another characterization).
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Corollary 0.6. If & is a vector bundle on P™, then the slope u(€) := deg £/ rank €
satisfies

_1 _1 m

— Y Ri(E) S () < — 1ril&).

° m <
=1 =1

Bilinear functionals of resolutions and complexes. The heart of this paper
is the analysis of certain bilinear forms on B x B* and their positivity and vanishing
properties. The central object is the form

<B7 C> = Z (_1)i7j/6i,k,7j,fka
{i.4,kli<i}
where B = (8;,;+q4) is a Betti table and C' = (y;4—;) is a cohomology table. In §3]

we prove that when C' is the cohomology table of a free complex E and B is the
Betti table of a free resolution F' over S, then

(B,C) =Y x(Fs; @ HI(E)) > o0

Here x denotes the Euler characteristic of the degree 0 part of the complex; that
is,
X(Fs; @ HI(E)) := Y (=1)F 7 dimg ((F, @ H' (E))o).
k>j

The functionals (F, E) =: (8(F),v(F)) do not directly give the supporting hyper-
planes we need for the proof of Theorem[(I.2] because the cone of minimal resolutions
of Cohen-Macaulay modules does not contain all non-minimal resolutions. In §l
we construct a family of modifications (B, C). . that are still non-negative when
B is the Betti table of a minimal free resolution. Applied with E a supernatural

vector bundle, or F' a pure free resolution, these define the functionals needed for
the proofs of Theorems and

The set of Betti tables. Though Theorem [0.2] gives the rational cone of minimal
free resolutions of Cohen-Macaulay modules, it does not tell us which points in B
are in the monoid of Betti tables of actual resolutions. Eisenbud, Flgystad and
Weyman [2007] conjecture that any sufficiently large integral point on a ray of
the cone corresponding to a pure resolution should be a S(M) (this is not true
in general for rays not corresponding to pure resolutions). Daniel Erman [2007]
gives many additional restrictions that points in the rational cone satisfy if they
come from resolutions, and shows that if d < D, then the monoid of resolutions
of Cohen-Macaulay modules generated in degree > d and having regularity < D
is finitely generated. Of course one can ask similar questions about cohomology
tables.

The monoid of resolutions differs in characteristic zero and in finite characteristic.
For example, take n = 5 and let M be a general Artinian Gorenstein factor ring of
S with Hilbert function 1,5, 5, 1. Such rings can be obtained from the homogeneous
coordinate rings of canonical curves of genus 7 by factoring out a regular sequence
of linear forms. In characteristic zero the general ring of this type has Betti table

_OO0OOo
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as proven by Schreyer [I986]. But in characteristic 2 Kunte [2008] shows that
no Cohen-Macaulay module has this Betti table. (Modules of finite length with
twice this Betti table are easily constructed experimentally.) The Betti table of the
general canonical curve of genus 7 in characteristic 2 was shown by Schreyer [1986]
(see also Mukai [1992] and [2003]) to be

1 0 0 0 0 0

__ 0 10 16 1 0 0
6(M) -0 0 1 16 10 O
0 0 0 0 0 1

The structure of this paper. In {I] we give the algorithm for producing the
decomposition of Theorem [l.2suggested by Boij and Séderberg, and some examples
of how it can be used. In §2] we review the construction of the Boij-Soderberg fan
associated to pure Betti tables. In §2] we review the description of the exterior
facets of this fan discovered by Boij-Séderberg [2006], and we explain an algorithmic
construction of the supporting hyperplane of an exterior facet.

Sections [B] and @ describe the bilinear forms that we use, together with their
positivity and vanishing properties.

Our analysis of sheaves with supernatural cohomology is carried out in §6] and
the proof of Theorem is completed in §71 The proofs of Theorem and
Corollary are carried out in §8

1. AN ALGORITHM AND AN EXAMPLE: CONSECUTIVE BETTI NUMBERS

The correctness of the following algorithm for decomposing a Betti table may
clarify the meaning of Theorem [0.2] from which it follows easily. It was conjectured
in Boij-Soderberg [2006].

Decomposition Algorithm. Input: A graded Cohen-Macaulay S-module M of
codimension c.

Output: A list of positive rational coefficients r; and pure Betti Tables a(?) whose
degree sequences form a chain, such that g =" rio®,

1. BEGIN: Set L equal to the empty list. Set 8 := 3(M).

2. Fori=0,...,clet d; =min{j | §; ; # 0}. Let a be a pure Betti table with
degree sequence d = (dp, . .., d.). Let r be the largest rational number such
that 8’ := 8 — ra has non-negative entries.

3. Add (r,«) to the list L. If 8’ = 0, then END. Otherwise, set 8 := ', and
go to step 2.

Here are some examples showing how Theorem [0.2] gives bounds on consecutive
Betti numbers and limits the extent of “non-cancellation” in minimal resolutions.

Example 1.1. Let B, be the Betti table
1 0 0 0 0

B.—0 10 16 = 0
=0 0 « 16 10
o 0 0o 0 o

i =N=Ne]

In characteristic zero, the homogeneous coordinate ring of the general canonical
curve of genus 7 has resolution with Betti table By, and it is known (Schreyer
[1986]) that if the curve admits a realization as a plane sextic with 3 nodes, then
the resolution has Betti table Byg. The Decomposition Algorithm above begins with
a Betti table

wooo
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that corresponds to the pure degree sequence 0,2,3,4,6,8. This implies that if
B, is a rational multiple of the Betti table of a Cohen-Macaulay module, then
x/16 < 90/128, that is « < 11.25, and Theorem [0.1] shows that there is a module
of finite length whose Betti table is a multiple of By;. In fact, writing B” for the
Betti table of the resolution dual to the one described by B’, the reader may check

that
1 1, 11 _,
BH_EB(H—%B +%B .
We do not know whether there are actually modules of finite length having Betti
table Bll-

We can apply Theorem to get a sharp bound on the linear strand of a res-
olution. Using Boij-Soderberg [2008], one could even drop the Cohen-Macaulay
condition, which is why we have written “projective dimension” instead of “codi-
mension”.

Corollary 1.2. Let K be any field and let M be a graded Cohen-Macaulay mod-
ule of projective dimension < ¢, generated in degree > 0 over Klxy,...,x,]. If
ﬂp+1,p+1(M) = 0, then

c+2—p

Brp(M) <

ﬁpfl,pfl (M)

Proof. Consider, a module with pure resolution having degree sequence d = (dp, . . .,
d.), and the ratio of its Betti numbers 3, 14, ,/Bpa,- One checks from the
Herzog-Kiihl formula that this ratio is a monotonically increasing function of the
partial degree sequence (dp+1,...,dc). The ratio given in the corollary is the
one associated to the pure resolution with the smallest degree sequence having
dop =0,d, = p,dp41 > p+1, namely, 0,1,...,p,p+2,...,c+ L O

2. THE BOI1J-SODERBERG FAN AND ITS FACETS

A central insight of Boij and Soderberg [2006] is the identification of a certain
simplicial fan inside B. We begin by describing it.

For each interval a < b of degree sequences, we consider the order complex of this
interval whose simplices are the totally ordered subsets (chains) in the interval. For
example, if ag < by are integers, then the interval between (ag, ap+1, ..., ap+n) and
(bo,bo + 1,...,bo + n) is the well-known Young poset associated to the Schubert
cell decomposition of the Grassmannian G(n + 1,bg — ag). Since every maximal
chain of degree sequences between d and e has 14> (d; — e;) elements, the order
complex is equidimensional. In fact, the restriction to particular intervals [a, b] in
the Young poset is unnecessary, since the fan in a larger interval restricts to the
fans in smaller intervals.

Boij and Soderberg show that the Betti tables coming from any one chain of de-
gree sequences are linearly independent and that the map taking a degree sequence
to a sequence of Betti numbers of the corresponding pure resolution provides a
geometric realization of the order complex as a simplicial fan—that is, a collection
of simplicial cones intersecting along faces—in B. We will call this fan the Boij-
Saderberg fan. They conjectured that the union of the cones in the Boij-Soderberg
fan is the convex cone of Betti tables of Cohen-Macaulay modules, and this is the
content of Theorems and
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We will call a facet of a simplicial cone in the Boij-Séderberg fan “exterior” if it
is contained in a unique simplicial cone in the fan. The exterior facets are described
as follows.

Proposition 2.1 (Boij-Séderberg [2006, Proposition 2.12]). Fiz an interval [d, d]
in the poset of degree sequences, let A be a mazximal chain of degree sequences
between d and d, and let ® = A\ {f} be a facet of A. The facet ® is exterior iff
one of the following holds:

1. @ is obtained from A by removing the minimal or mazximal element. In the
former case the supporting hyperplane of ® is 3; 4, = 0, where i is the index
where d and d¥, the next sequence in the chain, differ, and dually in the
latter case; or

2. the degree sequences f~ and fT immediately below and above f in A differ
in exactly one position, say f,, < fi < f,j Since A is mazimal we must
have f;7 = fr—1, f,j = fr+1, and the equation of the supporting hyperplane
s Br,f, = 0; or

3. the degree sequences f~ and fT immediately below and above f in A differ
in exactly two adjacent positions, say T and T+ 1, and we have fr = f= =
=1 fr=frq+1=f5, and fry1 = fr + 2 (see Ezample 24 for a
picture).

We denote the facet described in part 3 by facet(f,7). To show that one of
these exterior facets of the Boij-Stderberg fan is an exterior facet of the cone of
Betti tables, it suffices to prove that a supporting hyperplane of ® is positive on
all Betti tables of minimal free resolutions of modules of finite length. Without the
existence this condition implies only that the cone of Betti tables is contained in
the fan. The form of the equations for the supporting hyperplanes of the exterior
facets in parts 1 and 2 of Proposition 2.1l makes this positivity obvious, so it suffices
to treat facets of the form facet(f,7) as in part 3 of the Proposition.

Since the Boij-Soderberg fan lies in a proper subspace of B, the facet equation
for a given facet is not unique—we may add any combination of the Herzog-Kiihl
equations. However, we will show that there are special linear functions defining
the facets that are non-negative on the Betti table of any minimal free resolution.
The individual 3; ; satisfy this property for facets of types 1 and 2 in Proposition
21 We will exhibit distinguished equations for the supporting hyperplane of any
facet of the form facet(f, 7), which we will call the upper and lower equations. We
will show that the upper equation is non-negative on every minimal free resolution.
It can be constructed algorithmically:

Proposition 2.2. Let f~ < f < f be degree sequences as in part 8 of Proposition
21l There is a unique hyperplane U inB that contains facet(f, ) and also all tables
concentrated in degrees > fT, which we call the upper hyperplane for facet(f, 7).
Similarly, there is a unique lower hyperplane that contains all tables < f~.

We will call the equation of the upper hyperplane the upper equation of the facet.

Proof. Proposition 2.12 of Boij-Soderberg [2006] shows that the only thing that
really matters about facet(f, ) is the pair of degree sequences f~, f*, in the sense
that within the linear space defined by the Herzog-Kiihl equations, the same linear
functionals vanish on all facets not containing f but containing f~, f*. Thus
facet(f, 7) contains all pure Betti diagrams coming from degree sequences < f~ or
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> fT in the partial order. Using this we can construct the equation of the upper
hyperplane inductively as follows.

We identify linear functions on B with (possibly infinite) tables of integers with
n+1 columns (see Example[Z4]). Choose a maximal chain in B containing f~, f, f+.
Using this chain, we will construct the table corresponding to the linear function
vanishing on the facet, which we call the facet equation. We begin by putting zeros
in all the entries of the table corresponding to degree sequences that are > fT; that
is, we put a zero in column ¢ and each row with index > f;' —1i foreachi=0...n.
Suppose that the Betti numbers corresponding to f~ are fy, ..., S3,. In column 7,
row f- —7 we put 3,41 and in column 7+ 1, row f_; — (7 +1) we put —3; this
ensures that our functional will vanish on the Betti table corresponding to f~ as
well as on the one corresponding to f™ and will be positive on that corresponding
to f.

Whatever we put in the other entries of the table, this functional will vanish on
every pure Betti table with degree sequence d > f*. We can now solve for the
remaining (infinitely many) coefficients inductively. We start with f~, and at each
stage we choose the next smaller degree sequence in our chain. The corresponding
Betti table contains only one non-zero entry in the region that is not yet determined,
so the vanishing condition allows us to solve uniquely for the corresponding element
of the table we are constructing.

The same idea could be used with the roles of f~ and f* reversed to produce
the equation of the lower hyperplane. O

The entries in rows < f;” — ¢ in the table corresponding to the upper equation
will be rather complicated (in the upper equation of Example 24 for instance, the
entries are proportional to values of the polynomial (z—4)(z—3)z(2+6)(z2+7)(z+9);
see the proof of Theorem [T1]). However there is one easy pattern:

Corollary 2.3. Let b; ; be the coefficient of 3; ; in the table representing the upper
equation of o facet(f, 7). If j < fi, then bj11; = —b; ;.

The corollary says that in a table representing an upper facet equation, the
diagonals from lower left to upper right have zeros in the positions below those
corresponding to f, while above f the entries are of the same absolute value but
alternating sign. This behavior can be seen clearly in Example 2.4

Proof. The lower equation has all zeros above the positions corresponding to f~.
The upper equation differs from it by a linear combination of Herzog-Kiihl equa-
tions. These equations, in the case of modules of finite length that we are consid-
ering, reduce to the equations saying that the Hilbert polynomial py; of a module
M with the given Betti table is identically zero. Hilbert himself expressed pps in
terms of the Betti table as

p(d) = Zps(d =) Z(—l)"ﬁi,j(m,

where pg(t) = (t":fi_ll), regarded as a polynomial in ¢, is the Hilbert polynomial

of S. To say that this polynomial of degree n — 1 is identically zero is to say that
it has n consecutive zero values, and this is expressed by the vanishing of linear
functions given by tables whose entries along the diagonals have constant absolute
value and alternating signs. O
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Example 2.4. The facet((—4,—3,0,2,4,6,7,9), 3) involves the chain of degree se-
quences f~ = (—4,-3,0,2,3,6,7,9), f = (-4,-3,0,2,4,6,7,9) and f* =
(—4,-3,0,3,4,6,7,9) indicated by the diagram

+ + . . . 0-th row

where the - represents a zero entry and the —, + and * are in the positions where the
Betti tables corresponding to f~, fT or both are non-zero. The linear functional
defining the upper hyperplane of this facet, computed by the algorithm above, is
given by the dot product with the matrix

1755 —385 0 0 66 —-70 0 100

385 0 0 —66 70 0 —100 175
0* 0* 66 —70 0 100 —175 189
0 0 70 0 —100 175 —189 140
0 0 0* 100 —175 189 —140 60
0 0 0 175 —189 140  —60 0
0 0 0 ot ot 60 0 0
0 0 0 0 0 o* 0* 44
0 0 0 0 0 0 0 0*
0 0 0 0 0 0 0 0

The zeroes marked 0* and 0T and all zeroes below are forced by our construc-
tion. The remaining zeroes are in diagonals containing a 0*; these are implied by

Corollary 2.3

3. LINEAR FUNCTIONS NON-NEGATIVE ON BETTI TABLES
OF FREE RESOLUTIONS

In this section we introduce the bilinear form on Betti tables and cohomology
tables that is the fundamental tool of this paper.

If M is a finitely generated graded S = Klz1,...,x,]-module, we set hy(M) =
dim(Mp), the value of the Hilbert function of M at ¢. For any bounded complex G
of such modules, we set x(G) = >.(—1)"ho(G;).

Given a Betti table § € B and a cohomology table v € B* we define

(Byy) = Z (=" Bi kv —k-
{i,5,kl5<i}
If F is a bounded complex of modules with cohomological indices increasing from
07
F:0—-E"—-E"—...

and F' is a free complex, then we write
(B,E), (F,v), and (F,E)

for

(B:7(E)),  (B(F),7), and  (B(F),y(E)),
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respectively. If F; = >, S(—k)Pux, then Y, B; xh—i(H’ (E)) = ho(F; ® H (E)), so
we can simplify the formula to

(FE) = ZX(sz ® H(E)).

J

Thus the value of the functional (—, E) on F is given by the dot product of the
Betti table of F' with the matrix

B R R Rl hb R
B B —hY - Rl
S S A B & B S QX

where h;- denotes the dimension of the degree j component of H*(E) and the entry
hY is in the (0,0) place.

Since these definitions involve only the cohomology of F, we have (8, FE) =
(8, H*(E)), where H*(F) is interpreted as a complex having zero differential, and
similarly for F—we could set the differentials of F' equal to zero without disturbing
the definition. The importance of the complex E and the differentials in F' appears
from the following, which is the main technical result of this paper.

Theorem 3.1. If
E: 0-E" ... - E" -0

is a complex of graded free S-modules and F is a free resolution of a graded S-
module M, then

1. (F,E) > 0.
2. Suppose in addition that M and the modules HI(E), for j > 0, have finite
length. If

0 > regM +regE°, and
0 > regF;_1 +regH’(E) for every j >0,

then (F, E) = 0.
Example 3.2. Suppose that
E: . 50oF S50—.--
J

is 0 except in cohomological degree j and that F' is the free resolution of a module
M.

1. If E7 is free, then
(FE) =x(F>; ® EI) = ho(Syz; (M) @ E9).

It is obvious that (F, E) > 0 in this case.
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2. If E7 is not free, then (F,E) may be negative. For example, if j = 0,
E = FE’ = K, and F is the Koszul complex resolving K (1), then (F, E) =
—B1,0(K(1)) = —n. Thus we cannot drop the condition that E is a free
complex in Theorem B.11

3. However, if j = n, E = E7 = K, and F is the minimal free resolution of
M, then (F,E) = 83,,0(M) > 0. This positivity could have been deduced
from Theorem [B1] since in this case we can rewrite (F, E) = (F, E’), where
E’ is a Koszul complex.

Proof of Theorem 31l Consider the double complex F @ E:

0 0 0

0=— N Q®E"<=—FMNQ®E"<=—  <— F, QE" =—— 0

0<——FRQE'<— F @Bl <— <—— F,QE' <——0

0<—RRE <—FRE'<— <—F,QE'<——0
0 0 0

and the two spectral sequences converging to its total homology. Since F' is a
resolution, the spectral sequence beginning with Hyert Hpor (F ® E) degenerates at
that point, and we see that the homology of the total complex FQE is H*(M QE).
In particular,

HY (F®F) =ker(M ® E° - M ® E')

and HL (F® E) =0 for j < 0.
Now consider the other spectral sequence of the double complex,

E: 'E=Hii(FOE)= Hw(E® F).

We work in cohomological indices, considering F to be in cohomological degree —¢.
To simplify notation, set N7 := H’(E) and write N for > NJ.

Because each Fj, is free, (Hvert(F®E))(j’7€) = F, ® N7, so the value of the
functional (F, E) is the Euler characteristic of the truncation of Hye(F ® E) con-
sisting of the terms Fy ® N7 of total cohomological degree j—¢ < 0. The differential
from F makes this into a complex that we will call (F ® N)=° as in the following
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diagram:
0 < F, @ N" < 0
1E/:(F®N)§O
0 < Fi®N' < - F,@N' < 0
0 « Fo@N «— FEL@N® «— ... F, @ N®  «—— 0

The differentials in E go from the diagonal of cohomological degree —¢ — 1, repre-
sented on the first page of E by >, Fijo41 ® N, to the diagonal of cohomological
degree —/¢, represented on the first page of E by >, Fi1¢ ® N%. Thus E induces a
spectral sequence E’ whose first page is 'E’ = (F ® N)=Y as in the diagram above.
Since taking homology preserves the Euler characteristic, we see that (F, E) is the
Euler characteristic of the infinity term *E’.

Since 'E’ is zero in strictly positive cohomological degrees, so is ®E’. Since the
total complex of F'® FE has no homology in negative cohomological degrees, the same
is true of (F ® E)=% so ®E’ will also be zero in strictly negative cohomological
degrees. Thus the value of the functional (F, E) is simply the dimension of the
degree zero part of ®°E’. In particular, it is non-negative, proving part 1 of the
theorem.

To prove the part 2 of the theorem, we compare E’ with E. We write ‘d’ and d
for the differentials of the two sequences on the ¢-th page. The second differential
2d goes from the kernel of 'd to F ® N modulo the image of 'd. Thus there is a
well-defined submodule of F ® N that we may denote by image(ld) + image(?d),
even though image(2d) is not itself a submodule of F® N. Similarly, it makes sense
to speak of the submodules

Zimagetd C ﬂkertd Cc F®N.

t>1 t>1

To simplify the notation in this and the next proof set

Ki = O)_F®N™)n() ke d,
4 s<t

I = O F®NT)N) image *d,

4 s<t

for 1 <t < co. Further, let K =, F; ® N*** and I} = 0.
The spectral sequence E gives a filtration of Hio(F ® E) whose associated
graded module is *E = K§°/I5°. Since the differentials ‘d coming into the co-

homological degree 0 diagonal terms of E coincide with the !d’, we have *E’ =
(>, Fr @ N%)/I9,. Thus

> e N

(F,E) = ho(TE') = ho(H(F © E)) + ho( I )-
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The module (Y, F, ® N%)/K. is filtered by the submodules K;/Ks. The
module Y, Fy ® N1 is filtered by the I}, and the differential **'d identifies the
factor K{ /Ky, | with I}, | /I}. As already noted, we have H) (F ® E) C M @ E°.

Together with part 1 of the theorem, these observations yield

0<(E,F) < ho(M & E%) +ho()_ Fo@ N,
L

Under the hypotheses of of part 2 of the theorem, both M ® E° and Yo FE® N1
are zero in degree 0, proving the vanishing of (E, F') in this case. ([l

4. LINEAR FUNCTIONS NON-NEGATIVE
ON BETTI TABLES OF MINIMAL FREE RESOLUTIONS

In this section we construct a family of bilinear functions on Betti tables and
cohomology tables that are modifications of (3,v). When v = ~(FE) for a free
complex E and 8 = §(F) for a minimal free resolution, the result is non-negative,
but it can be negative when F' is non-minimal. Since the construction is somewhat
opaque, we begin by explaining it from several points of view.

Recall from §3] that

(B,7) = Z (=) B ki -k

{i,5,kl5<i}
Given a cohomological index 7 and a degree bound ¢ we set
BsVer = Z (=1 Bigvi—k

{i,3,k|5<i and (j<T or j<i—2)}
+ Z (=1 Bi ki —k-
{i,j,k,el0<e<1, j=7, i=j+e, k<cte}

It may help the reader to see the coefficient of each f; ;4¢ (the entry in column 4,
row ¢) in the functional (83,7, ), . explicitly. The formula depends on which region
of the Betti table the index (7, ¢) falls into, as follows:

| 1< T T<i1<7+1 T+1<1
(<c—T U %4 W
{>c—T U 14 w

Recall that in the row labelled ¢ and the column labelled 4 the entry of the Betti
table is B; ;4. The coefficient of f;,1¢ in the unmodified functional (3,~,) is
Zj<i(_1)i_j'}’j,7i,g. This differs from the coefficient in the modified functional
only in the range of j in the summation. Region by region, as in the diagram
above, the coefficient of 3; ;4 is:

U: Z{j‘jgi}(—l)i’j"yj{,i,g (as for the unmodified functional (3,7, )),

v Z{jusf—l}(’_1)2_7]7%—1'—2’

% Z{j\jgf}(—l)F?Vg‘,—i—e,

W Y Glii-y (C1) 7 Vi

We were originally led to consider the functionals (3(F'),v(E))., by the in-

spection of the upper facet equations in many examples. The reader may also
understand the idea better from Examples [4.3] and B3]
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We can follow the modification of the functional through the proof of Theorem 3]
as well. The formulas say that, applied to a free resolution F, the value (F, E). , :=
(B(F),v(E))c,r is constructed from (F, E) by changing the upper parts of the two
leftmost diagonals in the complex 'E’ in the proof of Theorem Bl The following
diagram shows the location of the changes we make to obtain the new function
when n = 7, 7 = 3, the case of Example 2.4

T-th row

¥ OO0 0000
¥ ¥ O0O0O0O0O
¥ ¥ ¥ OO OO0
* ¥ * Quooo
* ¥ * QNo oo
* * ¥ * NNo o
* % ¥ ¥ ¥ NN O

* % % ¥ ¥ ¥ NN

The entries marked * in this diagram correspond to terms that are equal to F; @ N7
as before, the entries Z are set equal to zero, and the entries C' are altered by a
degree restriction. The more general construction given in the proof of Theorem
[Tl provides a more conceptual picture of what is going on.

Theorem 4.1. If 3 is the Betti diagram of a minimal free resolution of a graded
S-module, then (3,E)., > 0.

Proof. To clarify the proof we formulate a more general result. Suppose we are
in the situation of part 1 of Theorem B.1] and that we are given submodules A} C
Fy® N® and B, C Fy11 ® N* for each £. Set

A=Y ,4, ¢ A=) FaN,
4

B':=Y,B, ¢ B:=)» F. &N
4

Let D denote the diagram of modules that agrees with 'E’ = (F'® N)= except for
the first two diagonals, where the terms Fy @ N ¢ and F, +1 QN ¢ have been replaced
by the terms A), and B} respectively, so that A and B are replaced by A’ and B’
(and we forget, for a moment, the maps). Set

X(D):=Y (~1)"7D] = (F,E) — hoA+ hoA’ + hoB — hyB'.
Jj<i
Let d be the differentials of the spectral sequence E. With notation as in the proof

of Theorem B.] the spectral sequence gives us sequences of submodules K, lcB
and I? C A, such that *1d identifies K, '/K .} with I}, ,/I?. O

Lemma 4.2. If
(B NK; ) C (A +1)/1Y
for all t > 0, then x(D) > 0.

Proof of Lemma 2l Set

= ! K,
B = Ko =T
t>0 t+1
= 2 Fr®N Iy
A = JO @@ 0
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Let a : B — A be the map taking K ' to zero and identifying K; '/K,}}; with
I?., /I by means of **1d.

Our hypothesis shows that « induces a map of associated graded modules B’ —
A’ coming from the induced filtrations. Thus we have a commutative diagram with
exact rows and columns:

e

B
1

where C' = (3, F, ® NY) /I3, K = K!, and K’,C" are the kernel and cokernel
of the map induced by a. The proof of Theorem [B.1] shows that (F, E) = hoC, so
xD = hoC —hqA+hoA’+hoB —hoB’, and an easy diagram chase shows that this is
equal to (hoK —hoK')+hoC’. Since K’ C K, this is non-negative, as required.

Proof of Theorem 1] continued. To obtain (F, E). » we consider

F, if i <7,
Fr =03, 8(=j) ifi=r,
0 ife>71
and
F; ifi <741,
FP =Y oy S(=4)Prmsifi=1+1,
0 ifi>74+1.
Let
A, =F'®@N‘C F,® N*
and

B)=F},, ® N* C Fyy1 ® N°.

Since F is minimal, the differential of F maps F?; to F, and it follows that A’, B/
satisfy the hypotheses of Lemma for 'd. For t > 1 the hypotheses are trivially
satisfied: the map

BN K — Fp J(ID N Fpyq)

has source = 0 for £ > 7, while for ¢ < 7, Fy 411 = F} ,,;, 50 A = A" in
this component. Moreover the resulting diagram D satisfies xD = (F, E). .. By
Lemma [42] we have (F, E)., > 0. O
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Example 4.3. The upper and lower equation of the facet facet((—1,0,2,3),1)
have coefficients as indicated in the following tables:

21 —12 5

0 0 0 0 0
12 -5 0 3 0 0 0 0
5 0 -3 4 0 0 0 0
U. o 3 -4 3 L: o o o o
0 ot ot o* 3 -4 3 o* 0-th row
0 0 0 0 4 -3 0 5
0 0 0 0 3

=]

|
o
—
[\v)

If M is any graded module with this Betti table and pj, is its Hilbert polynomial,
then one computes U(G(M)) — L(B(M)) = 5par(1) — 3par(2). Thus we are led to
consider a complex

E: 0—-E"=5(1)°—E'=5(2)>—0.
The equation (—, E) obtained from this complex has coefficients

21 —12 5
12

-5
0

0* 3 —4
4 0-th row
3
0

. coSQwerwo---

To obtain the desired facet equation, we take 7 = 1, ¢ = 0. The functional (—, E)¢ 1
is the result of replacing the lowest 4 and the lowest two 3s by zero, obtaining the
table U.

Notice that (F, E). . is negative for some non-minimal resolutions F. For ex-
ample, if we add to the minimal resolution of M = K (1) and a trival complex as
follows:

0 « S(1) « 8 «— S(-12 «— S(-2) « 0
+ 0 — 0 <« S(-1) « S8(-1) < 0 — 0

we get a non-minimal resolution F' with Betti table

0-th row

. ocorRO---
. O WO
. ook O---
. ocorRO---

and we compute (F, E)o; = —4 <0.

5. THE EXISTENCE OF PURE RESOLUTIONS

Theorem 5.1. Let K be any field, and let d = (dy < -+ < dy,) be a sequence
of integers. There exists a graded K|x1,...,x,]-module of finite length with By =
[T, (d?i_;ff:_ll) generators, whose minmal free resolution is pure with degree se-
quence d.
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In the case where d; — d;—; = 1 for all but one value of ¢, the complexes we
produce coincide with those of Buchsbaum-Eisenbud [1973al and Kirby [1974] (see
Eisenbud [1995], Appendix A 2.6 for an exposition).

Our construction (and that for supernatural sheaves given in §)) starts from a
sequence of multilinear forms on a product of projective spaces posessing a property
that we could deduce from a general position argument if the ground field were
assumed infinite. Since we do not wish to make that assumption, we give a direct
construction.

Proposition 5.2. Let my,...,my be non-negative integers, and let the homoge-

G ) ,m,(ﬂbz The multilinear forms

k
Ty = Z Hazﬁfﬂ) forE:O,...,ij
j=0

wot-+pp=~L  j=0

neous coordinates on P be x;

have no common zeros in
mo M1 M
PRl x Pt x - x PP,

Proof. We do induction on M := Z?:o m;. The case M = 0 is trivial. Suppose
that M > 0 and the xz, all vanish at a point P € [[P™. In particular,

H x(])

We cannot have x(j)( P) = 0 for j such that m; = 0, so x(j)( P) = 0 for some j

with m; > 1. Write P™i~ ! for the subspace of P™ where xS,Q vanishes. The forms
Zo, ..., Tp—1 restrict to the corresponding set of forms on

P70 x ..o x P i oo P
and vanish at P there, contradicting the inductive hypothesis. (I

We will construct pure resolutions by pushing forward other pure resolutions,
starting with the Koszul complex. The following result is the key to this process.
For any product X; x Xo with projections p : X7 x Xo — X7 and ¢ : X7 x Xo — X5
and sheaves £; on X;, we set

LKLy :=p L1 @ q" Lo.

Proposition 5.3. Let F be a sheaf on X x P™, and let p : X x P™ — X be the
projection. Suppose that F has a resolution of the form

g:OHg]\ﬂZO(*eN)—>-~'HQQ|EO(*€0)4>.T'.*>O

with degrees eq < --<en. If this sequence contains the subsequence (ex41, - .., €x+m)
=(1,2,...,m) for some k > —1, then

R'p,F=0 for >0
and p.F has a resolution on X of the form

0—>GN@H™O(—en) — -+

- = Grymt1 @ H"O(—erymy1) %G ® H°O(—¢;) —
(1) = Go ® HYO(—ey).
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Proof. We may suppose m > 0. From the numerical hypotheses we see that e; < 0
forte<kande >m-+1fori>k+m+ 1.
Consider the spectral sequence
Ey™7 = Rip.(G; R O(—e¢;)) = R p,F.
By the projection formula, the terms of the E; page are
G @ H™(P",O(—e;)) ifj>k+m+1andi=m,
R'p.(G;RO(—e€;)) = G; @ HO(P™, O(—¢;)) if j <kandi=0,
0 otherwise.
Thus the spectral sequence degenerates to the complex (1), where ¢ is a differential
from the m-th page and the other maps are differentials from the first page. In
particular only terms E% 7 with i < j can be non-zero. On the other hand, the

terms R'~Ip,F can be non-zero only for i > j. Hence the complex (1) is exact and
resolves 691'20 Eit = E%0 = p,F, while the higher direct images of F vanish. O

Proof of Theorem 5.1l To simplify the notation we may harmlessly assume that
do=0. Let mp=m=n—1,and fori =1,...,nset m; =d; —d;_1 — 1 and set
M = Z;::o m; = d,, —1. Choose M + 1 homogenous forms of multidegree (1,...,1)
without a common zero on

P:=P" xP"™ x ... x P,
such as the forms described in Proposition Let
K:0—-Kyp1—--—Kog—0
be the tensor product of the Koszul complex of these forms on P and the line bundle
Op(0,0,dy,. .., dn_1), 50 Ki = Op(—i, i, ..., dn_1 —i){") for i = 0,...,d,. Let
P X P X x P — P

be the projection onto the first factor. The complex I is exact because the forms
have no common zero. Hence Rm,(K) = 0.

The choices of these particular twists can be understood from the following table,
which gives some of the important ones, starting from the left hand end of K:

twist in: |
first factor —dn e — A1 e —dp_o
last factor —my — 1 —mp ce B S

next-to-last | ... ool —mp—1 — 1 —Mp—1 cee —1

If we think of K as a resolution of the zero sheaf F = 0 and factor 7 into the
successive projections along the factors of the product P™* x --- x P then we
may use Proposition repeatedly to get a resolution of m,F = 0 that has the
form

0 — OFn(—d,) — - — OPr(=dy) — O,
Taking global sections in all twists, we get a complex
0— SP(—d,) — -+ — SP1(=dy) — S

that has homology of finite length. Since the length of this complex is only n,
the Lemme d’Acyclicité of Peskine and Szpiro [1973] (see also Buchsbaum and
Eisenbud [1973D]) shows that the complex is actually acyclic. Thus it is a pure
minimal resolution, with the desired degree sequence, of a graded module of finite
length.
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Following the projections step by step, we see that
ﬁO _ ﬁ hO(P’mi, O]P’"Li (di71>) — ﬁ di -1 .
i=1 o \di —diz =11

Taking into account that a shift of all the d; by dy does not affect 5y, we get the
formula for By in the theorem. O

6. SHEAVES WITH SUPERNATURAL COHOMOLOGY

In this section we work with coherent sheaves on a projective space P. We
begin by proving the existence of supernatural vector bundles, Theorem [0.4], in a
slightly sharper form.

Theorem 6.1. Let K be any field. Suppose that m = Z?:l m; with m; > 0. If

the sequence of integers z = (21 > -+ > z,,) consists of k disjoint subsequences of
consecutive integers, of lengths my,...,myg, then there exists a supernatural vector
bundle €& on P™ that is defined over K, has root sequence z, and has rank (m1 " mk),

Here (,, ™ ) denotes the multinomial coefficient

m!
[15 mj!
Proof. Let v; denote the starting index of the j-th subsequence, so that

Rujye ey Ruj+m;—1
are consecutive. Consider the product
P ox .. x PR
of k projective spaces and the line bundle
L=0(—z,,—1,...,—2, —1):=piO(=2,, — 1)@ - - @ p;O(—2,, — 1)
on it.
Let
7P X - x PR P
be a finite morphism of degree defined by linear projection from the Segre embed-

ding of the product. For an explicit example showing that this can be defined over
any field K, we can take 7 to be the map defined by the m + 1 multilinear forms

k
Ty = Z fofg) for ¢ =0,...,m,

Pt =t j=1

as in Proposition
The desired supernatural bundle is £ = 7w, L. Indeed, since 7 is a finite morphism
we have
H'E(d) =2 H' (P™ x - x P™ L(d,...,d)),

which we can calculate from the the Kiinneth formula. We see that £ has super-
natural cohomology, and its rank is

rank & = degm = ( mn ) O
my,..., Mg
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Here is an alternate, characteristic zero construction of supernatural bundles,
using representation theory. It is restricted to characteristic zero by the use of
Bott’s Vanishing Theorem, but we include it because it yields bundles whose rank
is often not an integral multiple of the ranks of the bundles produced in Theorem
0. 1]

Theorem 6.2. Let K be a field of characteristic zero. If z = (z1 > - > zm) S a
sequence of integers, then there exists a G Ly, 11-equivariant vector bundle € on P
with supernatural cohomology and root sequence z.

Proof. The desired vector bundles, up to a twist, can be constructed by applying
Schur functors to the tautological rank m quotient bundle @ on P™: Bott’s Theorem
(see for example Weyman [2003]) says that if 1 < i <m — 1, then the cohomology
group H®((S,Q)(d)) is non-zero if and only if A\,,_j11 < —d —i < A\p_i, while
H°S,Q(d) = 0 if and only if d < 0 and H™S,Q(d) = 0 if and only if m >
—-m — )\1 —1.

To obtain a desired bundle with supernatural cohomology as in the theorem we
choose

Ai =21 — Zmi1—i —M+1i for 1<i<m-1,
and take £ = (S\Q)(—z1 — 1). O

This result has an appealingly transparent statement in terms of Betti dia-
grams of Tate resolutions. For a partition A = (A > A9 > -+ > A1), say
A= (8,7,7,2,0) = (8,7,7,2), which corresponds to Example 24 the Tate res-
olution of the homogeneous bundle S5@Q has non-zero terms only in the degrees
marked * in the following Betti diagram, in which the Ferrers diagram is indicated:

x kK

| +

See Theorem 5.6 in Eisenbud-Schreyer [2003].
We want to characterize the cohomology tables of supernatural bundles, and to
this end we next record a basic fact about cohomology tables:

Proposition 6.3. If £ is a non-zero coherent sheaf on P™, then every column of
the cohomology table of £ contains a non-zero entry; that is, for each integer d some
Yii—a(E) = hE(d — 1) # 0. Furthermore,

d— My :=max{i|vi4—; #0} and

d +— mgq := min{i | v; 4 # 0}
are weakly decreasing functions of d.

Proof. The Tate resolution T(€) is a minimal free doubly infinite exact complex
over the exterior algebra A on n generators of degree —1. By Eisenbud-Flgystad-
Schreyer [2003], Theorem 4.1, the term of T(E) having cohomological degree d is

D HEd-i) @i -a.
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Moreover, since A is self-injective, the dual of T(£) is also a resolution. Therefore,
no term of T(&) can be zero, which gives the first statement. Since the generators of
the exterior algebra are of negative degree, there are non-zero maps A(—d) — A(—e)
only if d < e. Since T(€) is a minimal complex, it cannot have any maps of degree
0. Hence M, is weakly decreasing. For mg we apply the same argument to the
dual of T(£) and obtain that —m_,4 is a weakly decreasing function. Hence my is
a weakly decreasing function as well. O

By the rank of a coherent sheaf £ on P™ we mean the normalized leading coef-
ficient of the Hilbert polynomial,

() = ¥ 1 o,

where s = dim €.

Theorem 6.4. If £ is a supernatural sheaf of dimension s with root sequence

z1 >0 > 2z, and if we set zg = 00 and zs41 = —00, then, for each 0 < j <'s,
k& s )
R E(d) = el d—zi | if 25 > d > 24,
0 otherwise.

Proof. Define My, mg as in Proposition Of course My > mgq > 0, and by
Serre’s Vanishing Theorem we have My = mg = 0 for d > 0. Since the Hilbert
polynomial of £ has s zeros, the dimension of the support of £ is s. It follows that
HIE(d) = 0 for j > s and any d, while if d < 0, then H*E(d) # 0. Thus My = s
for d < 0. Since £ has natural cohomology this implies mg = s for d < 0 as well.
By Proposition [6.3, My and mg are weakly decreasing from s to 0.

Since the M, are weakly decreasing, the sequence of numbers d — My is strictly
increasing. It omits precisely those values z such that z = d—i with My > ¢ > Myy;.
This means that precisely s distinct values are omitted from the sequence d — M.
Exactly the same considerations apply to the sequence d — my.

If £ has natural cohomology, then the vanishing of x(€(z)) implies the vanishing
of all HI(£(2)), so the integral roots of the Hilbert polynomial must be among the
omitted values of the sequences {d — My} and {d — my}. If £ has supernatural
cohomology, then there are s integral roots, which thus give all the omitted values.
It follows that the omitted values are the same for {d — My} and {d — mg}. Since
these two sequences are the same for d < 0, they must be the same for all d; that
is, My = mg for all d. Moreover, My41 = My — k if and only if there are exactly k
roots of the Hilbert polynomial between d — My and d + 1 — Mg41. By induction
we see that the value of My is equal to the number of roots above d.

The condition of natural cohomology implies that the value of |x(€(d))]| is the
value of some hI€(d). The formulas above tell us the value of j. The zeros determine
the Hilbert polynomial as x(€(d)) = C - [[;_;(d — z;) for some constant C, and C
can be computed by comparing leading coefficients, yielding the formula given. [

Remark 6.5. A coherent sheaf £ on P™ is a vector bundle if and only if the in-
termediate cohomology modules @, H'E(d) for 1 < i < m — 1 have finite length.
Thus a supernatural sheaf on P of full dimension dim& = m is a vector bundle
by Theorem

The rank provided by Theorem is not always the smallest possible. For
example, the root sequence z = (2,0, —2) occurs for any null-correlation bundle on
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P3 with monad

0 — Ops(—3) — Ops(—2) — Ops(—1) — 0.
Such a bundle has rank 2, while Theorem [6.4] provides a bundle of rank 6. A general
lower bound for the rank, which gives 2 in this case, is provided by the following:

Proposition 6.6. Let z = (21 > -+ > 2,,) be a root sequence for supernatural
bundles € on P™. For each prime p let e,(z) denote the mazimal integer such
that the root sequence z contains each residue mod p at least e,(z) times, and let
c(z) = Hp per (). Then the rank of a supernatural bundle with root sequence z is a

multiple of % .

Proof. The polynomial

m

1
C(Z) Ill ( Z])
takes integral values which have no common factor. (I

Remark 6.7. Note that rank % is not always possible for a supernatural bundle
with root sequence z. A simple example is the root sequence (2,1, —2,—3), which
is not possible for a rank 2 or even rank 4 vector bundle on P*. In fact, the Tate
resolution for a supernatural bundle of rank 2r with this root sequence would be

56r 21r 5r 0 O 0 0 0
0 0 0 0o o0 0 0 0
0 0 0 roor 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 5r 21r 567

However the entries of the r x r matrix of linear forms must span all the linear
forms on P4, so r > 3. In fact, a generic choice of the 3x3 matrix leads to such
bundles with rank 6, which is the rank provided by the proof of Theorem
Moreover, Theorem gives a bundle of this type having rank 20 so that, at least
in characteristic zero, every sufficiently large even number occurs as the rank of a
supernatural bundle with root sequence (2,1, -2, —3).

For arbitrary root sequences z, we conjecture that any sufficiently high multiple

of 67(”;) actually occurs as a rank.

Linear monads for vector bundles, given by the next proposition, will be central
in our use of supernatural bundles.

Proposition 6.8. Let £ be a vector bundle on P, and let a be an integer. If £*
is a-regular, then there exists a linear complex

0—-E"-FE' —... 5 E™ -0
with E* = S(a + k)b, with homology H'E =Y., H'E(d) fori <m and H™E =
Zdzfafm ng(d)

Proof. Since £* is a-regular, 3 -, H°E*(d) has a linear resolution

0 S HE ()  S(—a)? - S(—a—m) 0.
d>a

The dual complex is the desired complex E. Its sheafification E has homology
HO(E) = £ and is exact otherwise. The statement about the homology follows
by chasing sheaf cohomology through the sheafified complex. See Section 8 of
Eisenbud-Flgystad-Schreyer [2003] for more about linear monads. (]
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Proposition [6.8] applies to vector bundles with supernatural cohomology:

Proposition 6.9. Let £ on P™ be a vector bundle with supernatural cohomology
with zeroes zy > « -+ > z,, of the Hilbert polynomial. Let a > —z,, —m be an integer.
Then £* is a-regular, and the complex constructed from € as in Proposition has
supernatural cohomology.

Proof. By Theorem the dual bundle £* is a-regular. Indeed,
€ (a—1i)=h"""€G —a—m—1)=0fori>1,

because i —a—m—1<i—1+42zp_1 < Zm_;. [l

7. PROOF OF THE BOI1J-SODERBERG CONJECTURES

Both Theorems [0.1] and reduce at once to the case ¢ = n of modules of finite
length. To simplify notation we will work in that context.

Theorem 7.1. The cone defined by the upper facet equations contains the Betti
tables of minimal free resolutions of all finitely generated graded S-modules.

Proof. Suppose f = (fo < f1 < -+ < fn) is a degree sequence and 7 is an integer
with 0 < 7 < n — 1 such that fr11 = f- + 2, so that facet(f, ) is defined. By
Theorem there is a vector bundle £ on P"~! with supernatural cohomology
whose Hilbert polynomial x(£(d)) has roots

(1> >z) = (fo> > —fror > —fraa > > = fa).

Let

E: 0-E"—-...E™ -0
be the linear complex made from & with a = f,, — n + 1 as in Proposition [6.8] so
that E° = S(a)®. Set ¢ = f,. Theorem Bl proves that (—, E)., is non-negative
on the cone of Betti tables of all minimal resolutions. Thus it suffices to prove that
facet(f, ) is defined by the vanishing of this functional.

By construction, the coefficient of 3;; for j > ff in (—,E)., is zero, so
(F,E)¢r = 0 for all resolutions F' such that f; ;(F) = 0 for all ¢,j with j < fit.
On the other hand we have

<F7E>c,‘r = <F’ E>
for a resolution F' of a module M such that g; j(M) = 0 for all 4,5 with j > f;".
For these modules we check the vanishing criterion of Theorem 3.l We have

regM < f, —n and regFEyg=—f,+n—1,

so the first inequality in Theorem [3.1]is satisfied. For the remaining inequality, note
that if 5 > 0, then

reg Fj_1 < fj—1 and reg H/(F) = z;_; — L.

Thus (—, E). . vanishes on facet(f,7). Finally we observe that (F,E) # 0 for
the pure complex F with degree sequence f. We conclude that (—, E). , is the
supporting equation of this facet. O

Proof of Theorem [I.2l As discussed in §2] the Boij-Soderberg fan is simplicial, so
every Betti table in it is in a unique minimal cone defined by a chain of degree
sequences. The result follows from Theorem [Z.11 O



BETTI NUMBERS OF GRADED MODULES 883
We return to the Example 24 of facet((—4,—3,0,2,4,6,7,9),3). The equation

of the supporting hyperplane, computed before, is given by the dot product with
the matrix

1755 —385 0 0 66 —70 0 100

385 0 0 —66 70 0 —100 175
0* 0* 66 —70 0 100 —175 189

0 0 70 0 —100 175 —189 140

0 0 0* 100 —175 189 —140 60

0 0 0 175 —189 140 —60 0

0 0 0 ot ot 60 0 0 0-th row
0 0 0 0 0 0* 0* 44

0 0 0 0 0 0 0 0*

0 0 0 0 0 0 0 0

Now we can interpret all the entries of this table: Suppose there is vector bundle
& on P® with natural cohomology for (27 > -+ > z) = (4,3,0,—6,—7,-9). The
coefficients of the facet equation, up to a common factor, are the dimensions of
cohomology groups of £. The rank of the bundle £ is at least 15 by Proposition
[6.6l and if such a bundle of rank 15 exists, then the integral factor above is 1. In
this case the monad F for £ would have shape

0—>S(3)455—>S(4)1260—>S(5)1480—>S(6)924—>S(7)308—>S(8)44—>0

with homology H!(E) only in (cohomological) degrees i = 0,2,3,5. Indeed the
Hilbert series Hg(t) of such a complex would be

Hp(t) = (—44t7° 4308t 7 —924¢~° 4 1480t > — 1260t * + 455t %) /(1 — t)”

= —(44t7%) — (60t ™" + 140t * + 189t + 175t > + 100t ')
+(70t" 4 66t°) + (385t° + 1755t° 4 ---).

We do not know whether there is such a bundle with rank as small as 15. The
bundle provided by Theorem [6.1] has rank (2 162 1) = 180 = 12 x 15. The complex F
that corresponds to it thus has Betti numbers 12 times larger than the hypothetical
monad indicated above. The homogeneous bundle of Theorem [6.2 has rank 3% x 5 x
7x11x13 = 1216215 in this case. Hence in characteristic zero, any sufficiently large
multiple of 3 x 15 = 45 occurs as a rank for the root sequence (4,3,0, -6, —7, —9).
In Remark we conjectured that any sufficiently high multiple of 15 occurs as a
rank.

8. THE CONE OF COHOMOLOGY TABLES

Throughout this section we set m = n — 1 and consider coherent sheaves and
vector bundles on P™ = P}.

Let £ be a vector bundle on P™. By Serre vanishing and Serre duality only the
0-th and m-th row of the cohomology table of £ can have infinitely many non-zero
entries. We define the cohomology range

r(&) = (r(&) = - =2 rmy(€) = —o0),
R(&) = (00 = Ro(€) = -+ = R (E))
of £ by the formulas
(&) = sup{d | H'E(d — j) = 0 for all j < i},
Ri(§) =inf{d | HIE(d — j) = 0 for all j > i}.
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For example, R;(€) is the Castelnuovo-Mumford regularity of £. It follows from the
definition that h'€(d — i) = 0 except possibly when r;11(£) < d < R;(€), whence
the name “cohomology range”.

Proposition 8.1. If £ is a supernatural vector bundle on P™, then
max{i | h'(d — i) # 0} = min{i | h°E(d — i) # 0}

and
ri(€) = Ri(€) = z(€) + i.

Proof. Immediate from Theorem O

We now define the fan of supernatural cohomology tables inside B*. We work
with root sequences z of a given length m = n—1. First, we define the supernatural
cohomology table of the root sequence z = (z1 > -+ > z,,) by the formula

1 m—1
LT, |d— 2] for z; > d > 241,
Vi,d(z) = {m! j=0 | il H

0 otherwise,

where we set 2y = 0o and 2,11 = —oo for convenience. We partially order these su-
pernatural cohomology tables by the termwise partial order on their root sequences

z=(z1> >z 22 =1 > >2) & 2 > 2 forall i.
This coincides with the other obvious way of defining a partial order:

Proposition 8.2. If £ and &' are supernatural bundles, then z(E) > z(€') if and
only if
max{i | h'E(d — i) # 0} > max{i | '’ (d — i) # 0} for all d.

Proof. 1f £ is supernatural, then max{i | h’€(d — i) # 0} = min{i | h'E(d — i) # 0}
by Proposition Bl The result follows. O

In a bounded range of root sequences, say z with a > z3 > -+ > 2, > b, all
maximal chains of root sequences have the same length. Hence the order complex
of chains (= totally ordered subsets) is equidimensional. The simplices defined by
a chain of supernatural cohomology tables intersect only in common faces. This
follows by the same argument as for pure resolutions of Cohen-Macaulay modules
given in Boij-Séderberg [2006], Proposition 2.9. Thus the supernatural cohomology
tables of root sequences in a bounded range define a geometric realization of the
order complex of such root sequences, and this defines the fan of cohomology tables.
Theorem [0.5] which we will prove below, implies the convexity of this fan.

Much of Proposition 2. Ilremains true for the fan of cohomology tables. However,
the outer facets that are not defined by a single 7; 4 correspond this time to a
sequence z* > z > z~, which differ only in one position, say 7, and zf —1l=2z=
z; +1. A consequence of Theorem [84] below is that the equation of the outer facet
coincides for all maximal chains containing the sequence 27 > 2z > z™.

Let F' be a minimal free resolution of a graded S-module of finite length. In the
following we set

<F’5> = <F,E>,

where E = E, is the dual of the free resolution of @,., H’E*(d) for a > 0 as in
Proposition In case of a pure resolution F with degree sequence f the formula
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simplifies to

(F,€) =) (=16 5,0 (E(~ i)

J<i

Example 8.3. The non-zero cohomology groups for the three root sequences
2T = (3,1,-4),2 = (3,0,—4) and 2z~ = (3,—1,—4) are indicated in the follow-
ing diagram:

* * * * * + +

We can find the equation for the supporting hyperplane of a facet using an algorithm
that is completely analogous to that of Proposition2.2l Applying it in our example,
we obtain the linear form whose coefficients are indicated in the following table:

0* 0* 0* 0 0 0 0 0o 0 0
0 0 2 0* o* ot ot o 0 0
0o -2 0 0 35 —70 42 0* 0 0
2 0 0 —-35 70 —42 0 5 0% 0*

The shape of the facet equation leads us to consider a pure complex
F:0— S%(—4) - 8% (1) — 8™ — §*3(1) - S°(3) — 0,

corresponding to the degree sequence f that is the negative of the union of the root
sequences z 1,z and z~.
The coefficients of (F,—) are

0* 0* 0* -2 0 0 35 0 0

0 0 2 0* 0* —35 70 0 0 0
0 -2 0 0 35 —70 42 0* 0 0
2 0 0 —35 70 —42 0 5 0* 0*

These coefficients coincide with those of the facet equation except that in the facet
equation some terms in the top two rows have been replaced by zeros. This is
exactly the effect of the modification described in §4

Theorem 8.4. Suppose that the three root sequences 2T > z > 2z~ differ only in
the i-th spot, where they have z;r — 1=z ==z +1. Let f be the degree sequence
that is the negative of the union of these three root sequences, and let T be such that
fr = —z;, the middle value. Let ¢ = f._1 = f. — 1, the smaller value. Let F be
a pure resolution corresponding to the degree sequence f. The functional (F,&).
is positive on the supernatural bundle £ with root sequence z, and vanishes on all
supernatural bundles £ with root sequence < z~ or > z7T.

Proof. The functional coming from a pure resolution F' with degree sequence f is

(F,€)er = Y (1B WEf)

Jj=i<T

+ Z (=181, W E(— )
j=iol<rT

+ > () TIB L WE(- 1),
j<i2

It vanishes trivially on all supernatural bundles with degree sequence > z* and is
positive on the one with root sequence z because the coefficients of the diagonal
terms ¢ = j are positive. If £ is a supernatural bundle with root sequence < 27, then
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(F,E)e,r = (F,E). To prove that this is zero, we check the conditions of Theorem

B.1
The module M = coker (F} — Fp) has regularity f, —n. The module E° has
regularity reg E* = 2,,() + m = w,, + m < 2, + m < 2% +m = —f, +m. Thus

regM +reg E° < f, —n— fp, +m=—1<0.
Moreover for j > 0, we have reg H/(E) = w; — 1 < z; =1 < —fj_1—1and
regFj_l = fj—la hence

reg ;1 +reg H(E) < -1 < 0. O

Proof of Theorem [08 By Theorem B4 the equation of the non-trivial outer facets
are given by functionals (F, —). , for suitable pure free resolutions F' and integers
¢, 7. By Theorem[4.1] this functional is non-negative on the monad F = E, obtained
from the free resolution of @, H°E*(d) with a > 0 for any vector bundle £. O

Proof of Corollary 06 By restriction to a hyperplane and induction we see that
the Hilbert polynomial of £ has the form

pe(t) = (rank &) (t ;m> +deg€ (t Fm=l

m—1

) +O(t™™?).

Thus

pe®) _ 7 (i(er 1) + %)tm—l +0(tm?),

rankE  m! m! 2

and in particular

pE) = = D (a4,
mi
where z1,..., 2, are the roots of pg.
The cohomology table of £ is a rational combination of cohomology tables of
vector bundles & with supernatural cohomology. Hence the normalized Hilbert
polynomial of £ may be written in the form

pe(t) ), Pe (t)

rankE - F rank &

for some A, > 0. Comparing coefficients of t™ and ¢t™~! we obtain }_, A, = 1 and

Zk Aeft(Ex) = p(E).
On the other hand, by Theorem [6.4] the zeroes of the & satisfy

ri(€) < 1i(Ek) = 2:(Ek) +1 = Ri(E) < Ri(E),

because otherwise &, would contribute to a cohomology group outside the range of
€. From the expression for (&) in terms of z;(Ex) we get

Multiplying this inequality by A; and summing over k we obtain the assertion of
the corollary. O
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